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Introduction and main result
since we can consider functions to be independent quantities with different properties [5] [6] [7] [8] . Recently, Torres, Ward, Li, Liu and Zhang studied the sampling theorem on the shift invariant subspaces in L p,q (R d+1 ) [6] [7] [8] . In this environment, we study the closedness of shift invariant subspaces in L p,q (R d+1 ).
The closedness is an expected property for shift invariant subspaces, which is widely considered in the study of shift invariant subspaces. de Boor, DeVore, Ron, Bownik and Shen studied the closedness of shift invariant subspaces in L 2 (R d ) [9] [10] [11] . And Jia, Micchelli, Aldroubi, Sun and Tang discussed the closedness of shift invariant subspaces in [1, 12, 13] . In this paper, we consider the closedness of shift invariant subspaces in
In order to provide our main result which extends the result in [1], we introduce some definitions and notations.
The definition of L p,q (R d+1 ) is as follows. 
be the linear space of all functions f for which
The norms are defined above and with usual modification in the case of
For a given sequence c and a function φ, c 
Therefore, for any ∈ L ∞,∞ , using the continuity of [ , ] (ω) and
, one obtains, for any n ≥ 0, the set n = {ω :
The following proposition shows that the shift invariant subspaces in
are well defined.
, the multiply generated shift invariant subspace in the mixed Lebesgue spaces L p,q is defined by
The following is our main result.
(ii) There exist some positive constants C 1 and C 2 satisfying
The paper is organized as follows. In the next section, we give some three useful lemmas and two propositions. In Sect. 3, we give the proof of Theorem 1.5. Finally, concluding remarks are presented in Sect. 4.
Some useful lemmas and propositions
In this section, we give three useful lemmas and two propositions which are needed in the proof of Theorem 1.5. (r) . Then the following are equivalent:
(ii) There exist some positive constants C 1 and C 2 such that
2π -periodic r × r matrix P λ (ξ ) with all entries in the Wiener class and K λ ⊂ Z d+1 with cardinality(K λ ) = k 0 for all λ ∈ , having the following properties:
where
with center x 0 and radius δ;
(ii)
, ξ ∈ R d+1 and λ ∈ , where 1,λ and 2,λ are functions from R d+1 to C k 0 and C r-k 0 , respectively, satisfying
The following lemma can be proved similarly to [7, Theorem 3.4 ]. And we leave the details to the interested reader.
Lemma 2.4 Let c ∈ 1 . Then one has:
Proof (i) By Young's inequality and the triangle inequality, one has
The desired result (i) in Lemma 2.4 is obtained.
(ii) The desired result (ii) in Lemma 2.4 can be found in [8, Lemma 2.4].
Lemma 2.5 Assume that
and
and χ S is the characteristic function of S.
First of all, one treats I 1 : by (2.2) and (2.3), one has
Next, one treats I 2 :
Therefore, one has θ 1 -θ L p,q < 5 . Using Lemma 2.4 and (2.1), there exists some positive constant C such that
Here C i (N 0 ) (i = 1, 2) are positive constants depending only on N 0 and d. This completes the proof.
Proof of Theorem 1.5
In this section, we give the proof of Theorem 1.5. The main steps of the proof are as follows:
Conversely, if f = r j=1 c j * sd θ j , then, by Proposition 1.3 and the triangle inequality
Taking the infimum for (3.1), one gets
For convenience, let T : ( p,q ) (r) → V p,q ( ) be a mapping which is defined by
and let f inf = inf f = r j=1 c j * sd θ j r j=1 c j p,q . Then, obviously, · inf is a norm. Assume f n ⊂ Ran(T) (n ≥ 1) is a Cauchy sequence. Here Ran(T) denotes the range of T. Without loss of generality, let f n -f n-1 inf < 2 -n . Using the definition of
(n ≥ 2) such that TC n = f n -f n-1 and C n ( p,q ) (r) < 2 -n for any n ≥ 2. By the completeness of ( p,q ) (r) and 
Here H λ (ω) is a function with period 2π which satisfies supp H λ ⊂ B(η λ , δ λ ) + 2πZ d+1 and (r×r) . Let = (ψ 1 , ψ 2 , . . . , ψ r ) T be defined by
Then, by Lemma 2.4, one has ∈ L ∞,∞ . For any f ∈ V p,q ( ), using the definition of
By 
Concluding remarks
In this paper, we study the closedness of shift invariant subspaces in L p,q (R d+1 ). We first define the shift invariant subspaces generated by the shifts of finite functions in L p,q (R d+1 ).
Then we give some necessary and sufficient conditions for the shift invariant subspaces in L p,q (R d+1 ) to be closed. 
